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1. Introduction 



The purpose of this note is to prove a weak local monomialization theorem for germs 
of morphisms ip : X — )■ Y of reduced complex analytic spaces, with the condition that 
dim X = dim ip (X) . The precise statement is given in the final section. This gives a "weak" 
generalization of the local monomialization theorem of [6] to generically finite morphisms 
of analytic spaces. It is also a generalization (in the local setting) to generically finite 
morphisms of complex analytic spaces of the weak toroidalizion theorem for morphisms of 
characteristic zero algebraic varieties of Abramovich and Karu [2] and Abramovich, Denef 
and Karu [3] . This last result has been used by Denef in his new proof of p-adic quantifier 
elimination [9]. 

2. Preliminaries on complex analytic spaces 

In this section we recall some basic properties of analytic local rings and complex ana- 
lytic spaces. 

Proposition 2.1. Suppose that X is a complex analytic space and p £ X. Then 

1. Ox,p is a Noetherian, Henselian, excellent local ring. 

2. Ox,p is equidimensional if and only if its completion Ox,p is equidimensional. 

3. Ox,p is reduced if and only if Ox,p is reduced. 

4. Ox,p is a domain if and only if Ox,p is a domain. 

Proof. The fact that Ox,p is Noetherian and Henselian is proven in Theorem 45.5, and by 
fact 43.4, [21) . Excellence is proven in Section 18 of [12] (or Theorem 102, page 291 |20|). 
and by (ii) of Scholie 7.8.3 [12]. Let A = Ox, P - Since A is a local ring, the natural map 
A — > A is an inclusion. A and A have the same Krull dimension (formula 1' of page 175 
|20j). Statements 2 and 3 follow from (vii) and (x) of Scholie 7.8.3 [12]. Further, Ox,p is 
a domain if and only if Ox,p is a domain by Corollary 18.9.2 [12] , □ 

The dimension dim E of a subset E of a complex analytic space X and the local dimen- 
sion dim a E of E at a point a£l are defined in II. 1 and V.4.4 [19!. If E is an analytic 
space, then &\m a E is the Krull dimension of 0e o . 

Lemma 2.2. Suppose that Y is a reduced complex analytic space, and ir : B — >■ Y is 
the blow up of a closed complex analytic subspace E of Y . Then Y is reduced. If Y is 
equidimensional, then B is equidimensional. 



partially supported by NSF. 
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Proof. Suppose that q € B. Let p = n{q) S Y. Then A = Oy, p is reduced (respectively 
equidimensional if Y is equidimensional) Let I = %E,p be the stalk of the ideal of E in 
CV iP . The ^4-scheme P = Proj(®„ >0 I n ) is reduced (respectively equidimensional if Y is 
equidimensional) (Section 7 of Chapter II p3]). There exists a point q' above p in P such 
that O B,q is the analytization of the local ring Op, q i, so that these two local rings have 
the same completion. Op A < is excellent (by (ii) of Scholie 7.8.3 p2]). Thus the completion 
of Op t gi is reduced (respectively equidimensional if Y is equidimensional), and so Op,q is 
reduced (respectively equidimensional if Y is equidimensional) . □ 

Let Reg(X) denote the open subset of nonsingular points of a complex analytic space 

X. 

Suppose that ip : X — > Y is a morphism of complex analytic spaces. Suppose that p € X 
and q = <p(p). Let (p* : Oy, q — > Ox,p be the induced homomorphism of germs of analytic 
functions, with associated homomorphism tp* : Oy. q — > Ox,p of complete local rings. 

Suppose that X is reduced, irreducible, locally irreducible and Y is reduced, irreducible, 
locally irreducible, and (p : X — > Y is a morphism. For a £ Reg(X), define rank a ((/j) to be 
the rank of the map on tangent spaces dip a : T(X) a — > T(Y)^^, and 

rank(c^) = max{rank a 99 | a € reg(X)}, 

and for 

rankp(y>) = min{rank((/?|f/)} 

For p in X, we have that 

(1) rank((/j) = rank p (<^) = dim^^) <p(X) = dim^(X), 

by Theorem 4 and Corollary 2 of V.3.3 |19j . 

Definition 2.3. Suppose that ip : X —>Y is a morphism of reduced, irreducible and locally 
irreducible complex analytic spaces, ip is said to be regular ifip(X) contains an open subset 
ofY. 

Lemma 2.4. Suppose that ip : X — > Y is a regular morphism of reduced, irreducible, 
locally irreducible complex analytic spaces. Then there exists a thin analytic subset G of 
X such that (p(X \ G) is an open subset ofY, the restriction <p\X \ G is an open mapping 
and dim </3(G) < dimy. 

Proof. For x G X, let t x (p be the germ at x of the fiber of ip(x) by (p (defined on page 
267 of V.3.2 |19j). By the Cartan Remmert Theorem (Theorem 5, V.3.3 |19j). dim£ x <p is 
upper semi continuous on X in the analytic Zariski topology. Let 

t = minjdim £ x ip \ x € X}. 

We have that 

t = dimX — rank((/j) = dimX — dim(p(X) = dimX — dimy, 

by formula (1) of V.3.3 |19| . Theorem 4, V.3.3 [19] and the assumption that ip is regular. 
Now 

G = {x G X | dim£ x (p > t} 

is a proper subset of X which is closed in the analytic Zariski topology, so that it is a thin 
set (Proposition of II. 3. 5 [H]), and V = X \ G is an open subset of X on which ip has 
constant minimal fiber dimension t. Further, by Remmert's Rank Theorem (Theorem 1 
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of V.6 [IS]), for every p G X there exist arbitrarily small neighborhoods U of p in X such 
that ip(U) is locally analytic in Y, of dimension dim A — t. We further have that 

dim Lp(G) < dimG - (t + 1) < dim A - i = dim Y 

by Theorem 2, V.3.2 [19J, since dim £ x (ip \ G) > t for all x G G. 

Finally, by Remmert's Open Mapping Theorem (Theorem 2, V.6, [IH]), the restriction 
of ip to X \ G is an open mapping to Y, since t = dimX — dim Y. □ 

Proposition 2.5. Suppose that ip : X — > Y is a morphism of irreducible nonsingular 
complex analytic spaces, and ip is regular. Then 0* : Yjip (p\ — > Ox,p is 1-1 for all p G X. 

Proof. We have that for all p G X, T&nk p ((p) = rank(i^) = dim<^(X), by ([1]), so that 
ipp : Y>(p (p) -> is 1-1 for all p G X by Lemma 4.2 [11] • □ 

Lemma 2.6. Suppose that A is an analytic local ring and p is a prime ideal in A. Then 
there exists a field K C A n such that the induced map to the residue field K — > (A/p) n is 
a finite field extension. 

Proof. We have a representation A = O n /I for some n where / is an ideal in the ring 
O n of germs of analytic functions at the origin in C n . There is a prime ideal P in O n 
containing /, such that P/I = p. By the Proposition of III. 2. 5 |19| . there exists a set of 
coordinates zi, . . . , z n in O n , so that O n = C{zi, . . . , z n }, and k < n such that the induced 
map C{zi, . . . , Zk} — > O n jP is a 1-1 finite map. In particular, C{zi, . . . , z^} n P = (0). 
Thus the induced map C{z\, . . . , z^} — > O n /I = A is 1-1 and p PI C{zi, . . . , z^} = (0), so 
that we have an inclusion of the quotient field K = C{{zi, . . . ,Zk}} into An, such that 
(A/p)p is finite over K. □ 

A fundamental theorem in complex analytic geometry is Hironaka's theorem |15] on the 
existence of a resolution of singularities of a reduced complex space X (which is countable 
at infinity), by a sequence of blow ups of nonsingular subvarieties. The sequence is finite if 
X is compact. In the case of a germ (X,p), this already follows from Hironaka's Theorem 
I2 ' n P3]> since Ox,p is excellent and reduced. The general Theorem is proven in the 
monograph of Aroca, Hironaka and Vicente [4]. 

3. La Voute Etoilee 

In this section, we recall some definitions and results from |17] , 

Definition 3.1. (Definition I.4 A morphism tt : Y' — > Y of complex analytic spaces 
is called strict if there exists a complex analytic subspace E' of Y' such that tt is etale at 
all points of Y' \ E' and (Y', E') is minimal, in the sense that if Z is a closed analytic 
subset of Y' such that Y'\E' = Y\E, then Y' = Y. 

Let Y be a complex analytic space. A local blow up of Y (page 148 |17j ) is the morphism 
tt : Y' — > Y determined by given (U, E, tt) where U is an open subset of Y, E is a Zariski 
closed subset of U and tt is the composite of the blow up of E with the inclusion of U into 
Y. 

A sequence of local blow ups of Y is the composite of a finite sequence of local blow 
ups (Ui, Ei,7Ti). A sequence of local blow ups is strict ([17]). 

Let Y be a complex analytic space. S(Y) will denote the category of morphisms tt : Y' — > 
Y which are sequence of local blow ups. For tt\ : Y\ — > Y G £(Y) and TT2 : Y2 — > Y G S(Y), 
Hom(-7ri,7T2) denotes the Y-morphisms Y2 — > Y\ (morphisms which factor tt\ and ttz). 
Hom(7Ti, 7T2) has at most one element. 
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Definition 3.2. (Definition 2.1 Let Y be a complex analytic space. An etoile over 
Y is a subcategory e of £(Y) having the following properties: 

1) J/tt : Y' ->• Y G e then Y' ^ 0. 

2) If iTi G e /or i = 1,2, i/ien £/iere exists tt^ G e which dominates tt\ and t\2', i/iai is, 
Hom(7r 3 , 7Ti) ^ for i = 1, 2. 

3) For a// 7Ti;Yi — > Y G e, i/iere exists %2 '■ Y2 — >• Y G e suc/i i/iai i/iere exists 
q G Hom(7T2, 7r), and i/te image q^Yz) is relatively compact in Y\. 

4) (maximality) If e' is a subcategory of£(Y) that contains e and satisfies the above 
conditions 1) - 3), then e' = e. 

£y denotes the set of all etoiles over Y. 

Using property 3), Hironaka shows that for e G £y, and it : Y' — > Y, there exists a 
uniquely determined point p n (e) G Y' which has the property that if a : Z — > Y G e 
factors as 

zAy'^y, 

then f3(p a (ej) = p n (e). In particular, we have a natural map py : £y — > Y defined by 
py{e) = Pid(e). Hironaka shows (in Theorem 3.4 [17]) that £y has a natural topology so 
that py is continuous, surjective and proper. 

£y with this topology is called "La voute etoilee. 

4. BLOW UPS AND MORPHISMS ALONG AN ETOILE AND THE DISTINGUISHED 

IRREDUCIBLE COMPONENT 

The join of 7Ti, tt2 G £(Y) is defined in Proposition 2.9 |17j . We will denote this join by 
J(7Ti,7T2). It is a morphism J(tti,tt2) :Yj —*Y. It has the following universal property: 
Suppose that / : Z — > Y is a strict morphism. Then there exists a Y-morphism Z Yj if 
and only if there exist Y-morphisms Z — > Y\ and Z — > Y2. It follows from 2.9.2 [17J that 
if 7ri,7T2,G e C £y, then J (n 1,772) G e. We describe the construction of Proposition 2.9 
|17j . In the case when tt\ and 7x2 are each local blowups, which are described by the data 
(Ui, Ei, 7Tj), J(7Ti,7T2) is the blow up 

JK,vr 2 ) : Yj = B(Xe 1 1e 2 Oy\Ui n 17 2 ) Y. 

Now suppose that tx\ is a product qo«i • • • a r where ctj : Yj +1 — > Yj are local blow ups 
defined by the data (Ui,Ei,ai), and 7r 2 is a product agO^. " " " a r where a[ : Y/ +1 — )• Y/ 
are local blow ups defined by the data (U^E^a'j). We may assume (by composing with 
identity maps) that the length of each sequence is a common value r. We define J (71"!, 7^) 
by induction on r. Assume that J r = J(ao«i • • • &r—\, «o a i ' ' ' a ' r -i) ^as been constructed, 
with projections 7 : Yj r — > Y r and 5 : Yj r — > Y r '. Then we define J {711,712) to be the blow 
up 

JK,^) : Yj = B(i Er i E ,o Jr \ 7 -\u r ) n r 1 ^;)) -> Y. 

Suppose that e G £y is an etoile. By Lemma 2.3 [17], there exists a point p n (e) G Y' 
for all 7T : Y' — > Y G e, such that if 7Ti, 7T2 G e and 93 G Hom(7Ti, ^2)5 then 

(2) P7r 2 (e) = <p(Pm(e)). 

(Condition 3) of Definition 13.21 is essential for this result.) Suppose that Y is a reduced 
complex analytic space, e G £y and tt : Y' — > Y G e. Suppose that £7 is a neighborhood 
of ^(e) G Y' . We will define the distinguished irreducible component DC e (f7) of U. Let 
Fi,F 2 , ■ ■ ■ ,F S be the distinct irreducible components of £7. Let 7r' £7 be a global 

blowup of a thin algebraic set, which separates out the irreducible components of £7 into 

4 



distinct connected components Zx,...,Z s such that ir'(Zi) C F{ for all i, and Z% — > Y% is 
strict (such as a resolution of singularities of U). Then tt'tt S e by Corollary 2.11.4 [17J. 
There exists a unique component Z^ of U' such that p n7T /(e) E Z^. Define DC e (U) = F^. 
This definition is well defined, since if n" : U" — > f7 is another global blowup of a thin 
analytic subset of U which separates the components of U, then by 2) of Definition 13.21 
there exists A : W — > Y E e and maps a E Hom(A,7r'), /3 E Hom(A,7r") such that 
a(pA(e)) = P7T7r'( e ) an d /3(pA( e )) = Pvr7r"(e)- Since 7r' and 7r" are blow ups of thin analytic 
sets, there is an open subset of U' which intersects all components of U' non trivially 
which is isomorphic to an open subset of U" which intersects all components of U" non 
trivially. Thus the component of U" which contains p n "(e) must map to DC e (f7). 

Lemma 4.1. Suppose that Y = Yq is a reduced complex analytic space, e E Ey and 
7T : Y' —¥ Y E e. Suppose that tt has a factorization tt = itqiti ■ ■ ■ ir r where iii : Y+i — > Yj 
are local blow ups determined by the data (Ui,Ei,iri). Then ttq ■ ■ ■ iri E e, p no ... 7Ti _ 1 (e) E Ui 
and DC e (Ui) (£ Ei for all i. 

Proof. We will first show that ttq ■ ■ ■ iri E e for all i. We will use the criterion of Lemma 
2.10 on page 431 of [17J. Suppose that ip a : Z a — >■ Y E e. We must show that there exists 
(fp : Zp — >■ Y E e such that Hom^, ip a ) ^ 0, and if J(ifp,iTQ ■ ■ ■ 7Tj) : Zj — > Y is the join, 
then the natural image of Zj in Y+i is relatively compact and non empty. 

By 2) and 3) of Definition [372], there exists (fp : Zp — > Y E e such that Hom(Z^, Z a ) ^ 0, 
Hom(Z^, Y') ^ and if q : Zp — > Y' is the induced map, then q(Zp) is relatively compact 
in Y' . Let J(ipp,iTQ ■ ■ ■ 7Tj) : Zj — > Y be the join. 

Then Zj = Zp since np factors through ttq • • • 7Tj. Since the image of Zp is relatively 
compact in Y', the image of Zp in Y + i is also relatively compact. The fact that p no ... 7Ti (e) E 
Ui+i for all i now follows from ([2]). 

Let h = 7To • • • vrj_i. Let A : Z — >■ C/j be a global blow up which separates the irreducible 
components of Ui. Then h\ E e. Since hiri E e, there exists (by 2) of Definition I3.2|) 
r : TY —7- Y E e with factorizations 

iy 

a/ \ 
Y+i z 
n\ </ A 

y 

Let -ff be the irreducible component of TY which contains p T (e)- Then \(3(H) must be 
dense in DC e {U{). Thus Y+i contains an irreducible component G such that 7Tj(G) is 
dense in DC e (£/j), so that DC e (f7i) £ □ 

Lemma 4.2. Suppose that Y is a reduced complex analytic space, e E £y , txq : Yq — > Y E e, 
and (U,E,h) is a local blow up of Yq. Then -kqU £ e if and only if p-n-Q^e) E U and 
DC e (U) <t E. 

Proof. The conditions Pn ( e ) £ U and DC e (£7) ^Zl E are certainly necessary for ttqH to be 
in e (by Lemma l4.ip . 

Suppose that p no (e) E U and DC e (C/) E: E. We will verify the criterion of Lemma 2.10 
on page 431 of |17| . Suppose that (p a : Y a — > y E e. Let our map /i be /i : Y' — > Yo. 
We must show that there exists 7r« : Yr — > Y E e such that Hom(7r^,7r Q ) ^ 0, and if 
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J(7r j g, vro/i) : Yj — > Y is the join, then the natural image of Yj in Y' is relatively compact 
and non empty. 

We have that U — > Y is in e (by Corollary 2.11.4 |17j). so we can replace Yq with J7, and 
assume that U = Yo, and E is closed in Yo with DC e (Yb) *t- E- By 2) and 3) of Definition 
13.21 there exists tt@ : Yg — > Y G e and maps A E Hom(7Tg, 7To), t G Hom(7Tg, 7r a ) such 
that A(Yg) is relatively compact in Yq. By the universal property, we have that the joins 
J(np, iToh) and J(X,h) have a common domain, which we will denote by Yg. We have a 
commutative diagram: 







YL 






7/ 




\* 




A 

-> 


Y 


h 






TT 4- 




Y a 


Kg. 


Y 





Let -fC be the closure of A(Yg) in Yo, which is compact. S(Yi) C /i _1 (A(-?T)), which is 
compact since h is a global blow up, so it is proper. Thus S(YL) is relatively compact. 

It remains to show that YL ^ 0. We have that Yg ^ (since irp G e). 7^ is strict, 
by Proposition 1.7 |17| . so it is an open immersion on an open subset W of Yg which 
intersects DC e (Y^) nontrivially. A is thus necessarily also an open immersion on W. Thus 

V = \(W) is an open subset of Y such that DC e (Y"o) n7/f). By our assumption on E, 
we have that E n DC e (Y" ) n V is thin in DC e (Y~ ) H V. Let Fj, . . . , F r be the irreducible 
components of Yo, with F% = DC e (Yo). h is an isomorphism over the non trivial open set 

V \ (E U F 2 U • • • U F r ). Let Z = Yg|A -1 (y \ (F U F 2 U • • • U F r )). Let e : Z -»■ F' be the 
morphism induced by A and i : Z Yg be the inclusion. Now Z ^ 0, and since Ai = Tie, 
we have that Hom(e, 5) 7^ be the universal property of the join. Thus Ya 7^ 0. □ 

Using resolution of singularities, and resolution of indeterminancy ([13], [15] . [1]) we 
deduce the following Lemma. 

Lemma 4.3. Suppose that Y is a reduced complex analytic space and e G Ey . Suppose 
that tt G e factors as a sequence of local blow ups 

Y n — > y n _i —>■•••—>• Y~i Y" 

where each TTi : Y i+i -^Yi is a local blow up (Ui, Ei, TTi). Then there exists tt' G e which is 
a composition of local blow ups 

such that each Y- is nonsingular, tt[ : Y( +1 Y- is a local blow up (U^E'^tt^), and there 
exists a commutative diagram of strict morphisms 

K -> K-\ -»• •■■ n 

4-4- 4- \j 

Y„ -> Y^x -»• ••■ -> Ya -»• Y. 

Suppose that <p : X — > Y is a morphism of complex analytic spaces, and tt : Y' — >• Y G 
£(Y"). (^ _1 [7r] : ■ l [Y' / ] — > X will denote the strict transform of ip by 7r (Section 2 of |18j). 

In the case of a single local blowup (U, E, tt) of Y, ip^ 1 [Y'] is the blow up B(ZeOx |v? _1 (C/)). 
In the case when tt = ttqtt\ ■ ■ - tt t with iTi : Yi+j — > YJ given by local blow ups (Ui, Ei,TTi), 
we inductively define </j _1 [7t]. Assume that 7r _1 [7To • • • 7r r _i] has been constructed. Let 
h = ttq ■ ■ ■ 7r r _i, so that 7r = hir r . Let 99' : <^ _1 [Y^4 — > Y r be the natural morphism. Then 
define (^ _1 [Y r+ i] to be the blow up B(lE r O !p -i^ Yr ]\{ l p')~' 1 {Ur))- 
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Lemma 4.4. Suppose that 7Ti,7T2 G EiY). Then 

J(^- 1 [7r 1 ],^- 1 [7r 2 ]) = ^- 1 [J(7r 1 ,7r 2 )]. 

Proof. The fact that these two constructions are canonically isomorphic can be realized 
by comparing the explicits constructions given above. The essential case is that of the 
strict transform of the join of two local blow ups 7Ti : Y\ — > Y and 7T2 : Y2 — > Y given by 
local data (U\, Ei, tti) and (U2, E2, ^2). The join J(tti,tt2) is then the blow up 

J(7ri,7r 2 ) : B{l El l E2 \U x n C/ 2 ) -)■ Y, 

and </? [■/ (711, 772)] is the blow up 

(3) ^- 1 [JK,^ 2 )] J B(z £l z £2 Ox|^ 1 (t/i nt/ 2 )) -> X 

However, </^~ [7Tj] are the blow ups c^" 1 ^] : B{ZE i O 'x^ -1 (Ui)) — > X Thus the construction 
of J((p~ 1 [iri},(p~ 1 [iT2]) described at the beginning of this section gives us again the blow 
up ©. □ 

Lemma 4.5. Suppose that (p : X — > Y is a morphism of complex analytic spaces and 
e G Ex- Let 

S(<p,e) = {tt G £{Y) \ ^[ir] G e}. 
Then S(ip,e) satisfies properties 1), 2) and 3) of Definition \3.2\ 

Proof. This follows from Lemma 14.41 and 2.9.2 of |17| . □ 

Lemma 4.6. Suppose that (p : X — > Y is a morphism of reduced complex analytic spaces 
and e G Ex- Suppose that f G Ey contains S(ip, e), and ir : Y' — )■ Y G S((p, e). Then 

PM) = v'(Pv.-i[w]( e )) 

and 

^(Da(^ 1 M))c J DC / (F / ), 
where ip' : <p~ l \Y'\ — > Y' is the induced morphism. 

Proof. Suppose that U is any neighborhood of ^'(p ¥ ,-ir 7r i(e)) in y'. Then ir\U G S(ip,e) 
(by Lemma l4.2p . Thus 

Ptt(/) = <f/(p v -i[ v ](e)). 
Suppose that V = ^'(DCeO^ 1 [Y'])) <£ DC/(Y'). Then the Zariski closure of V in Y' is 
not contained in DC^(Y'), since DC^(Y') is an irreducible component of Y' . There exists 
a closed analytic subspace E of Y\ which is a proper subset of DC/(y'), such that if 
ol ; Z — y Y 1 is the blow up of E, then 7ra G / (by Lemma l4.2p . DCj(Z) is a connected 
component of and the strict transform W in Z of V is disjoint from DC/(Z). 

is the blow up of ^[Y'] at F = {tp')~ l {E). F does not contain DCeO? -1 ^']). 
Thus 99 -1 [7ra] : <p~ 1 \Z\ — >■ X G e by Lemma l4.2i Now DC e (<^ _1 [Z]) is the strict transform 
of DC e ((^- 1 [y / ]). Thus Pna (f) = </GVM™](e)) € where </ : ^"M^K ^ is the 
natural map, which is impossible since W is disjoint from DCf(Z). Thus 

^(DC e ( 9 ,- 1 [y']))cDC / (y')- 

□ 

Proposition 4.7. Suppose that (p : X Y is a morphism of reduced complex analytic 
spaces. Then S(ip,e) G Ey if and only if for all it : Y' — > Y G S((p,e), with associated 
morphism ip' : tp~ l \Y'\ — > Y' , 99 / (Z?C e ((^ _1 [y / ])) is not contained in a proper analytic 
subset of an irreducible component of Y' . 
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Proof. Suppose that / G Ey contains S(p, e) and there exists tt : Y' — > Y G S(tp, e) 
such that p'(DC e (p^ 1 [Y 1 ])) is contained in a proper analytic subset E of an irreducible 
component of Y'. Let a : Z — > Y' be the blow up of E. Then ira G / by Lemma 14.21 We 
have a commutative diagram of morphisms 

p>~ l [Z] % Z 
(^ _1 [a] i i a 

(f- l [Y'] 4 Y' . 

DC e {p- l [Y']) is a subspace of {<p'y l {E) and tp-^a] : p~ l [Z] -> p" 1 ^'] is the blow U P of 
(ip'y 1 ^). Thus ^[tto:] = yr 1 ^ -1 ^] £ e by LemmaiJlJ 

Now suppose that for all ir : Y' — )■ Y € S((p,e), with associated morphism : 
[Y 7 ] — > y', y/(DC e (y3 [Y 7 ])) is not contained in a proper analytic subset of an ir- 
reducible component of Y'. Suppose that / G Ey contains S(p,e). Suppose that n £ /. 
We will show that ir G S(p, e). 

We prove this by induction on the length r of a factorization tt = hoh\ ■ ■ ■ h r -\h r 
where (Ui,Ei,hi) are local blow ups hi : Yj + i — > Yj. By Lemma [4.11 ho---h r -\ G /, 
Pho-hr-iU) e &r and DC/(C/ r ) <jL E r . 

We have a commutative diagram of morphisms 

ip- l [Y'] 4 Y' 

fr-l [hr\ i i h r 
^[Yr] Y 

p 1 [h --- h r -i] I I ho ■■■ h r -i 

X 4 Y 

By our induction assumption, ho ■ ■ ■ h r _\ G S(ip, e), so that <^ _1 [/io • • • h r -i] G e. Ph —h r -i(f) ^ 
C/ r by Lemma l4~T1 Thus a = ho - ■ ■ h r _\\U r G / by Lemma l4~2l 92 _1 [a] : v?~ 1 [C/ r ] — >• X is 
in e by LemmaSSl since p tp -\[h a ...h T _ x ]{e) G ^ 1 (p/ l0 ...ft, r _ 1 (/)). Thus a G S(tp,e), so that 
(/3 r _i((DC e ((/3 r ._i) _1 (C/ r )) is not contained in a proper analytic subset of an irreducible 
component of U r , by assumption. Since <£ r _i(DC e (yv_i) (f7 r )) C DC/(f7 r ) by Lemma 
KE[ and BCf(U r ) <f_ E r (by Lemma l4"TTj) . we have that p r _i{T)C e (p^ l {U r )) ^ E r , so 

DC e (y~i 1 (j7 r )) ^ p~\(E r n I7 r ). Thus v? -1 ^] = P~ l [ho • • • V-ilvV-ifar] G e b y Lemma 
21 so that 7T G 5 , (( / 9, e). □ 



Proposition 4.8. Suppose that p : X —> Y is a morphism of reduced, irreducible, locally 
irreducible complex analytic spaces, and e G Ex- Suppose that tp is regular. Then S(<p, e) G 
Ey. 

Proof. This follows from Proposition 14.71 and since a local blow up is strict. □ 

Theorem 4.9. Suppose that p : X — > Y is a morphism of reduced complex analytic 
spaces, and e G Ex- Then there exists ir : Y' — > Y G S(cp, e) (so that <£>~ 1 [7r] G e) such that 
either <p' : yj _1 [Y'] — > 1"' is flat at p^-iu-i (e) or p'(DC e (p^ 1 [Y'])) is contained in a proper 
analytic subset of an irreducible component ofY'. 

Proof. Let / G Ey be such that <S(</?, e) C /. By Theorem 3 [IB] or [16], there exists vr G / 
such that (/?' : (^[Y'] ->■ Y' is flat at points of {p')~ 1 {p-kU)) n (¥'~ 1 [ 7r ])~ 1 (Pid( e ))- 

If vr G S(p, e), then ^[tt] G e, so that p v -i [ff] (e) G (pTHpM)) n [vr])- 1 (p id (e)) 
by Lemma [4T6l so that 93' is flat at p^-i^e). 



Now suppose that ir S(ip, e). We can factor ir = h$h\ ■ ■ ■ h r where (Ui, Ei, hi) are local 
blow ups hi : Y i+ x -> Yi. By Lemma|I7I] h ---h s e f, Ph -h a if) e u r and DC/(C/ S ) <f_ E s 
for all s. There exists a largest s such that /iq • • • /i s -i G S(p>, e), but h ■ ■ ■ h s g" e). 
f7 s C Y s contains Ph - h s -i(f), so that J7 S — > Y € S(tp,e) by Lemma [4721 

Let A = (ho • • • /t s _i)|C/ s , and y>" : y3 _1 [[/ s ] — > U s be the induced morphism. Then 
(^ // (DC e ((^- 1 [[/ s ]) C DC/([/ s )byLemma|MJ Since \h s S(p, e), we have that ^'(DCefa -1 [£/«]) C 
S s nDCf(j7 s ), which is a proper analytic subset of the irreducible component DC/(C/ S ) of 
U s . Now replacing ir with A, we have obtained the conclusions of the theorem. □ 

Corollary 4.10. Suppose that ip : X — > Y is a morphism of reduced complex analytic 
spaces, and e G Ex ■ Then there exists a commutative diagram of morphisms 

X 4 Y 
7 1 l<5 
X 4 Y 

such that 7 E e, 5 is sequence of morphisms consisting of local blow ups and inclusions of 
proper analytic subsets, X is reduced, Y is reduced, and (p is flat at p 7 (e). 

Proof. The proof is by induction on the dimension of Y. If diml" = 0, then Y is a finite 
union of points, so ip is necessarily flat, since Oy, q is a field for all q £Y. Suppose that the 
Corollary is true for all reduced complex analytic spaces of dimension less than dimY. 
By Theorem 14. 9[ there exists ir : Y' — > Y € S(a, e) such that either 

(4) the induced morphism p' : p~ l \Y'] — > Y' is flat at p^-ir^e), 

or 
(5) 

p'(DC e (p 1 [Y'])) is contained in a proper analytic subset of an irreducible component of Y'. 

If ([I]) holds then we have achieved the conclusions of the Corollary. Suppose that ([5]) 
holds. There exists an irreducible analytic subset F of Y' such that (p' (DC e (i:~ 1 [Y'])) C F 
and F is not an irreducible component of Y' (so that dim F < dim Y) . 

Let r : X" — > i/? -1 ^'] be a resolution of singularities, obtained by blowing up a thin 
analytic subset of p^Y']. Then r € e. Then X* = BC e (X") is a connected component 
of X", so the composition of inclusion of X* into X" and the morphism p~ 1 [k]t is in 
e. We have an induced morphism of X* to F. By induction on the dimension of Y, the 
conclusions of the Corollary hold. □ 

Proposition 4.11. Suppose that p : X — » Y is a morphism of reduced, irreducible, locally 
irreducible complex analytic spaces and ip is regular. Further suppose that a : X' — > X, 
(3 : Y' — > Y are sequences of local blow ups of thin analytic subsets such that X' and Y' are 
reduced, irreducible, locally irreducible, and there is a commutative diagram of morphisms 

X' ^ Y> 

a I 1/3 
X 4 Y 

Then ip' is regular. 

Proof. There exists an analytic subset F of Y' such that dimF < dimY == dimY, 
dim /3(F) < dimY, Y'\F = Y'\f3- 1 (f3(F)), and f3\(Y'\F) : Y'\F -> Y is an isomorphism 
onto an open subset of Y. 
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There exists an analytic subset H of X' such that dimH < dimX' = dimX, dim a(H) < 
dimX, V = X' \ H = X' \ a~ l (a(H)) is an open subset of X' and a\V : V — >■ X is an 
isomorphism onto an open subset of X. 

Since p> is regular, by Lemma 12.41 there exists a thin analytic subset G of X such that 
ip(X \ G) is an open subset of Y, dim^(G) < dim!", and tp\(X \ G) is an open mapping. 

dimG < dimX — 1 implies TV := ( X \ G) n a(V ) is a nonempty open subset of X. (p(W) 
is an open subset of Y. ip(W) C /3(Y') = f3(Y' \F)U /3(F). Since dim /3(F) < dimY, we 
have that <p(W) n /3(Y' \ F) is a nonempty open subset of Y. Since a is an isomorphism 
over W and f3 is an isomorphism over j3(Y'\F), we have that <p'(V) contains the nonempty 
open set j3~ x (<p{W) n f3(Y' \ F)). Thus <ff is regular. □ 

Theorem 4.12. Suppose that ip : X ^ Y is a morphism of reduced complex analytic 
spaces, and e £ Ex- Then there exists a commutative diagram of morphisms 

X 4 Y 
7 I I * 

x 4 y 

suc/i i/iai 7 £ e, <5 is sequence of morphisms consisting of local blow ups and inclusions of 
proper analytic subsets, X is nonsingular and irreducible, Y is nonsingular and irreducible 
and <p is regular. 

Proof. By Corollary I4.10| we may assume that ip is flat. Let p = p- l( ^(e). 

There exists an open subset V of Y which contains p(p), such that all irreducible 
components of V are locally irreducible. 

There exists an open subset U of ip~ l (y) containing p such that DC e (t7) is locally 
irreducible. Let G be the analytic Zariski closure of U\DC e (U) in U. Let W = DC e (U)\G. 
W is a nonempty open subset of X, so <p(W) is an open subset of V, since ip is flat [ID] . Let 
V* be the irreducible component of V containing ip(DC e (U). By definition, the induced 
map ip : DC e (C7) — > V* is regular at p. 

Let r : V — > V be a resolution of singularities, r is the blow up of a thin analytic set 
E, and H = p~ 1 (E) is thin in X since ip is flat. Let I be the ideal sheaf of H in X. 

Let 7r : X' — > J7 be a resolution of singularities, obtained by a sequence of global blow 
ups of thin analytic sets, so that IOx' is invertible. The composition of ir with the 
inclusion of U into X is in e. Since DC e (X') is a connected component of X' , the induced 
morphism DC e (X') — > X is is e. 

DCe(X') is necessarily the strict transform of DC e (f7) in X' . Thus DC e (X') DC e (C7) 
is a product of blow ups. Thus the induced morphism X = DC e (X') — )• Y = {V')* is 
regular by Proposition 14. 1 ll where (V')* is the connected component of V which contains 
the image of DC e {X'). □ 

5. The valuation associated to an etoile 

Suppose that Y is a reduced complex analytic space, e € Ey and it € e. We will call ir 
nonsingular if ir is a composition of local blow ups 

y n _i y n _i -> • • • -»• y -> y 

such that each y is nonsingular. 

We associate to a nonsingular 7r S e the local ring A n = X)P7r ( e )- The set 

{A v | 7r G e is nonsingular} 
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is then a directed set, by Lemma l4,3l and Definition 13.21 The set of quotient fields K„ of 
the Ar also form a directed set. Let 

Q e = limiT^ and V e = lim A^-. 

— > —> 

Q e is a field, and V e is a local ring with quotient field VL e . 
Lemma 5.1. V e is a valuation ring. 

Proof. Suppose that / G K e . Then there exists ir £ e such that / G K n . f = i with 
g,h £ Ar, where A n is the local ring associated to tt : X n — > Y. Let U C X n be an open 
neighborhood of p 7r (e) on which g and h are holomorphic. There exists an ideal sheaf 
X C Ou such that the blow up X' = B{X) of X is nonsingular, and (g,h)Ox> is locally 
principal. Let A : X' — > X,r be the induced local blow up. tt\ £ e by Lemma B~2l We have 
that either g | /i or h \ g in A-A- Thus / or j € A n \ C T4. □ 

Proposition 5.2. Suppose that X and Y are nonsingular complex analytic spaces, ip : 
X — > Y is a regular morphism, and e £ Ex- Then f = S((p,e) £ Ey, £lf C £l e and 

v f = v e nn f . 

Proof, f £ Ey by Proposition 14.81 

Suppose that 7r : Y' — > Y G / is nonsingular. By Lemma 14.31 there exists a nonsingular 
a:Z4l£e such that Hom(Z, </? -1 [Y']) ^ 0. We have associated local homomorphisms 

( 6 ) °Y',pAf) ^ ^lY'],p^ lM (e) -> ^, Pa (e) 

where y/ : y9 _1 [Y'] — > Y' is the natural morphism. By Proposition ^. Ill the homomorphism 
of the sequence of complete local rings 

( 7 ) dy'jhcU) ( ^ Vw^wW ^p«( e ) 

is 1-1. Thus the homomorphism in ([6]) is 1-1. We have an associated inclusion of rings 
A n — > A a with induced inclusion of quotient fields K n — > K a . This gives us 1-1 homomor- 
phisms A n — > V e and K n — > Q e . 

Taking the limit over the nonsingular elements of /, we have natural 1-1 homomorphisms 
Vf -> V e and f2/ ->■ O e . 

Suppose that /i G n V^. Then there exist nonsingular a : Yi — > Y G / and /3 : Xi — > 
X £ e such that h £ Ap r\ K a . h has an expression h = | with a,b £ A a . Let f7 be 
a neighborhood of p a (f) on which a and 6 are analytic. There exists 7 : Y2 — > Y such 
that Y2 is the blow up of an ideal sheaf of Ou, Y2 is nonsingular and (f,g)Oy 2 is locally 
principal. Thus 7 £ / is nonsingular, and either /i or ^ € Ay. There exists (5 : X 2 — >■ X in 
e which is nonsing ular, such that Hom(X 2 , y^ 1 [Y 2 ]) / and Hom(X 2 ,Xi) / 0. We have 
constructed a commutative diagram: 

X 2 

Y X <- Y 2 <- ^- l [Y 2 \ X X 

a\ Si \ y p 

Y X 

If h £ Ay then h £ Vf. Suppose that /i ^ Ay. Then jr G m where m is the maximal 
ideal of Ay. Now Ay — > As is a local homomorphism, so j- is in the maximal ideal n of 
Ag. But this is impossible since h £ Ag. Thus we must have h £ Ay C V^. □ 
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Suppose that Y is a reduced complex space and e € By. Let V e be the valuation ring 
associated to e. We have a directed system {A n } for tt : Y' — >■ Y 6 e, where we define 
A,,- = (yn p ( e )- 111 the case when 7r is nonsingular, Y' = DC e (Y'), so this agrees 

with our earlier definition. Taking the limit over this larger directed system again gives 
us the same limit V e , by Lemma 14.31 

For 7r : Yo — ^ Y £ e, let = V e n K v , which is a valuation ring of K n , which dominates 
A n . Let m,,- be the maximal ideal of A n . Let v e be a valuation of O e whose valuation ring 
is V e , and let v n be the restriction of v to K n , so that V n is the valuation ring of v n . 

Lemma 5.3. V e has finite rational rank, which is less than or equal to dimY. 

Proof. Suppose that V e has rational rank larger than n = dimY. Choose t±, . . . , t n+ \ € V e 
such that their values are rationally independent. There exists a nonsingular tt : Y' — > Y € 
e such that t±, . . . , £ ^tt- Thus u n has rational rank > dimY. But i> n dominates the 
noetherian local domain Oy( ft j e ), which has dimension < dimY. This is a contradiction 
to Abhyankar's inequality (J], Appendix 2 of [22]. □ 

Thus the rank r of is finite (by Lemma 15 .3|) , with 

r = rank(Ve) < ratrank(Ve) < dimY. 

6. Weak local monomialization when dim<p(X) = dim A 

Theorem 6.1. Suppose that cp : X — >• Y is a germ of a morphism of reduced, irreducible, 
locally irreducible complex analytic spaces, such that dim <p(X) = dim A. Suppose that 
e € Ex is o- n etoile. Then there exists a sequence of local blow ups a : X\ — > X and 
f3 : Yl — s> Y such that a € e, making a commutative diagram 

x, n y x 

a l 1/8 
X 4 Y 

such that X\ and Yl are nonsingular, and ip\ is a monomial mapping at the center p\ = 
Pa( e ) °f e on A"i; that is, there exist local coordinates yi,...,y n inY\ at <p\(p\) and local 
coordinates x%, . . . ,x m in X% at p\, and an m x m matrix (ay) of nonnegative integers 
with Det{aij) ^ 0, such that under the map ip\ : Oy 1 ^ 1 ( p ) — > @Xi,p, we have that 

IXj=i x °j 13 ifl<i<m 
if i > m 

Proof. By Theorem 14.101 there exists a commutative diagram of morphisms 

X 4 Y C Y* 
7 I 4 8 

X 4 Y 

such that 7 £ e, <5 is a sequence of morphisms consisting of local blow ups, Y is an analytic 
subset of Y*, with the properties that A, Y and Y* are reduced and equidimensional, and 
(p : is flat at p 1 {e). 

(p : X — > Y is an open mapping in a neighborhood U of p := p 7 (e) (by [HI]). Let 
g = £>(p). Since (p is open, we have that dim <£>({/) = dimY. We have that 

dim [7 > dim <£(£/) > dim = dimyj(A) = dim(A) = dim([7), 

so that dim [7 = dim<^(J7). 
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By Remmert's open mapping theorem (Theorem 2 of V.6 [19]) or in fact by Lemma 4 
of V.6 [19], we have that dim£ a <^ = dimC/ — dimy = for each a € U. Thus <p : U — > Y 
is "light" at p, and by the discussion on page 300 of V.7.2 [12], we have that the extension 
Ov> . — > Ojj v is finite. 

Let p be the prime ideal in Ou, P of the germ DC e (U) at p and let q be the prime ideal 
in Oy* q of the germ of the Zariski closed set <p(DC e (U)) (this set is Zariski closed by 
Remmert's Rank Theorem, Theorem 1, V.6 |19|). 

Let v e be a valuation associated to e, which has the valuation ring V e of Q e constructed 
in the previous section. Let 

S = °~DC e (U),p = °yJ^ 

and 

with inclusion <p* : R — > S, and so that the induced inclusion of quotient fields K — > L is 
a finite algebraic extension. 

In the notation of the previous section, we have that S = and L = K~ T Let 
V v = V e H L be the valuation ring of the restriction of v e to a valuation v of L = K~ as 
described in the previous section. We will work for a while in the category of algebraic 
schemes (instead of complex analytic spaces) . 

Let r be the rank of u, and let 

(0) = P C Pi C • • • C P r 

be the chain of prime ideals in the valuation ring V u = in L of v. We have inclusions 
of fields 

for < i < r which are all finite algebraic, since R — >• S is finite. 

By Lemma [2T6| there exist subfields ki of Rp^R, with < i < n, such that the induced 
maps ki — > (R/Pi n R)p. n R are finite. 

By [H], there exists a blow up Y\ = Proj(® s>0 b s ) — > Spec(Oy ) of an ideal b in 
O y q , such that Y\ is nonsingular, and the strict transform Y\ of Spec(O y /q) in is 
nonsingular. There also exists a blow up X\ = Proj(® s>0 o s ) — > Spec(C^ p ) °f an ideal a 
in Ox p , such that the strict transform X\ of Spec(C^ p /p) in Xi is nonsingular and is a 
connected component of X\, and such that is an invertible ideal sheaf, so that we 

have an induced morphism X\ — > Y±. Let Si be the local ring of the center of v on X±, 
and let R\ be the local ring of the center of v onYi. 

By the discussion before the statement of Theorem 5.3 [6], there exist sequences of 
monoidal transforms R\ — > R2 and S\ — > S2 along v, such that we have an inclusion 
i?2 — ^ <S2 and 

t r deg (fi2/PinR2)Pini?2 (K/P) Pi = 

for < i < r. Since R2 is essentially of finite type over R and S2 is essentially of fi- 
nite type over S, we have that (R2/P1 fl R2)p ir] p 2 is a finitely generated extension field of 
(R/Pi fl R)p. n p, and (^/Pj n S , 2)p. n5 . 2 is a finitely generated extension field of (S/Pi fl 5) p . 
Thus {S2/P1 fl 5 , 2)p i ns , 2 ^ s a nn itely generated extension field of fej for < i < r. 

We have thus realized the assumptions required for application of Theorem 5.3 [6j (the 
statement of the existence of ki, which is necessary for the application of Theorem 5.1 [6] 
in the course of the proof Theorem 5.3, was omitted from the statement of Theorem 5.3 in 
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[6], but is stated in the errata [7]). Thus, there exists a sequence of monoidal transforms 
R2 — > R3 and S2 — >■ S3 along v such that we have an inclusion R3 — > S3, such that R3 
has regular parameters Z\, ■ ■ ■ , z m , S3 has regular parameters w\, . . . , w m , there exist units 
5i £ S3 for 1 < i < m and an m x m matrix (aij) of non negative integers with Det(ajj) 7^ 
such that there are expressions 

m 

(8) n rt '< 

i=i 

for 1 < i < m. Here m = dimX = dimi?2 = dimS2, since the residue field of V v is C, 
which is the residue field of S, and S has dimension m. 

By Resolution of Singularities [H], there exist ideals / C Oj p and J C Oy*, q such that 
there is a morphism of schemes : Z = Proj(@ s>0 I s ) — > W = Proj(® s>0 J s ) such that 
5*3 = Oz,p' is the local ring of a closed point p' in Z, Ow,q' is a regular local ring, where 
q' = &(p'), and there exists a nonsingular closed subscheme W of W such that R3 = Ow> „> 
is the local ring of q' in W' . Thus there exist regular parameters zi, . . . ,z m , z m+ i, . . . ,z n 
in Ow,q such that the stalk of the ideal sheaf Iw> of W at q' is Iw',q' = ( z m+i, ■ ■ ■ , z n ), 
Iw',q' is the kernel of <!>*, : 0\y,q> O^y, and the induced map CV',g' ~ ^ ®z,p' 1S the 
extension of ([8]) constructed above. 

Let V be an analytic neighborhood of q in Y* such that J extends to a coherent sheaf 
of ideals J on V. Let /3 : Yi — > Y* be the local blow up of J above V. Let U be an 
analytic neighborhood of p in X, such that J extends to a coherent sheaf of ideals I on 
[/. Let a : Xi — > X be the local blow up of X above U. We have that 7a € e. Taking 
J7 to be a sufficiently small neighborhood of p, we have that JOx^ is an invertible ideal 
sheaf (since JOz is invertible), so that we have an induced morphism of analytic spaces 
(pi : X\ — > Y%. Let p\ = p 7a (e) and gi = <^i(pi). Since the restriction of the valuation 
z/ e to L is z/, we have that Ox t pi is the analytic local ring constructed from i?3, Oy li(?1 is 
the analytic local ring constructed from S3, and tp\ : Oy x ?1 — > Ox 1 ,p 1 is the analyization 
of the homomorphism $*,. We thus have that pi is a nonsingular point of X\ and (71 is 
a nonsingular point of Y\. Since Det(ay) 7^ 0, and Oy im is Henselian, we can make a 
change of variables at q\ to get an expression ([8]) such that 5i = 1 for all i, giving the 
desired monomial form of the statement of the theorem. □ 
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